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Abstract
We propose a minimal description of single field dark energy/modified gravity within the
effective field theory formalism for cosmological perturbations, which encompasses most existing
models. We start from a generic Lagrangian given as an arbitrary function of the lapse and of the
extrinsic and intrinsic curvature tensors of the time hypersurfaces in unitary gauge, i.e. choosing
as time slicing the uniform scalar field hypersurfaces. Focusing on linear perturbations, we identify
seven Lagrangian operators that lead to equations of motion containing at most two (space or
time) derivatives, the background evolution being determined by the time dependent coefficients of
only three of these operators. We then establish a dictionary that translates any existing or future
model whose Lagrangian can be written in the above form into our parametrized framework. As
an illustration, we study Horndeski’s—or generalized Galileon—theories and show that they can
be described, up to linear order, by only six of the seven operators mentioned above. This implies,
remarkably, that the dynamics of linear perturbations can be more general than that of Horndeski
while remaining second order. Finally, in order to make the link with observations, we provide
the entire set of linear perturbation equations in Newtonian gauge, the effective Newton constant
in the quasi-static approximation and the ratio of the two gravitational potentials, in terms of the
time-dependent coefficients of our Lagrangian.
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1 Introduction
Dark energy has now become a generic name that includes a huge number of models trying to account
for the present cosmic acceleration [1,2]. Given their proliferation, the confrontation of such models
with present and future cosmological data would be greatly facilitated by an effective approach that
can mediate between observational data and theory. Ideally, such a phenomenological approach
would provide an effective parameterisation that minimizes the number of free functions and deals
directly with the relevant low-energy degrees of freedom, which in our context are the cosmological
perturbations (together with the background evolution). A precise dictionary rephrasing the various
models into this common language would then simplify the confrontation with the data and point out
possible degeneracies between different theories. Within its unifying picture, this effective approach
should have the extra virtue of stimulating theorists to study previously unexplored regions of the
parameter space which could lead to interesting new models or, conversely, to better understanding
why certain regions might be forbidden.
A few steps in this direction have been undertaken recently. The so-called effective field theory
(EFT) of cosmological perturbations is a powerful tool that allows to deal directly with the relevant
low-energy degrees of freedom of the problem at hand. Such an approach was proposed and intensively
used for inflation [3, 4], in particular to characterize high-energy corrections to slow-roll models and
to predict high-order correlation functions (see e.g. [5, 6]). The EFT of inflation has now become
a standard way of parametrising primordial non-Gaussianity and was used, for instance, in the
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interpretation of the most recent WMAP [7] and Planck [8] data. This approach has also been
applied to dark energy, first in the minimally-coupled case [9] where it was proven a useful tool to
study the stability in full generality and, for models with vanishing sound speed, the clustering of
dark energy down to very nonlinear scales [10].
More recently, the EFT formalism has been extended to dark energy with non-minimal cou-
plings [11, 12], providing a unifying theoretical framework for practically all single-field dark energy
and modified gravity models.1 This approach relies on two basic steps [11]: a) assume the weak
equivalence principle and therefore the existence of a metric gµν universally coupled to all matter
fields (it is straightforward to relax this assumption, but at the price of complicating the formalism);
b) write the unitary gauge action, i.e. the most general gravitational action for such a metric compat-
ible with the (unbroken) spatial diffeomorphism invariance on hypersurfaces of constant dark energy
field.
In [11] it was argued that the EFT of dark energy has all the virtues advocated at the beginning
of this section. The goal of this article is to provide a systematic procedure to translate an arbitrary
dark energy model into the EFT language, as well as to establish a firm minimal setting of Lagrangian
operators within this framework. In particular, here we focus our attention on the operators of the
unitary gauge action that lead to at most two derivatives in the equations of motion for linear
perturbations.2 This minimal set of operators encompasses most of the theoretical models of dark
energy and/or modified gravity discussed in the current literature.
The key ingredient of our derivation is a 3 + 1 decomposition a` la ADM, where time slicings
coincide with the uniform scalar field hypersurfaces. With this time choice, the dynamics of the
underlying degree of freedom is embodied in the dynamics of the 3-dimensional metric. In Sec. 2
we consider a generic Lagrangian given as an arbitrary function of the lapse N ≡ 1/
√
−g00 and of
the 3-dimensional metric hµν ≡ gµν + nµnν, where nµ is the unit vector perpendicular to constant
time hypersurfaces, more specifically of its extrinsic and intrinsic curvature tensors, respectively
K µν ≡ h ρν ∇ρnµ and (3)Rµν ,
S =
∫
d4x
√−g L(N,Kµµ,KµνKµν , (3)R, (3)Rµν (3)Rµν , . . . ; t) . (1)
In our construction we include combinations of these 3-dimensional objects without taking their
derivatives. This automatically prevents the appearance of higher (more than two) time derivatives
in the equations of motion. However, it is not enough to also remove higher spatial derivatives. By
expanding this Lagrangian up to quadratic order in the cosmological perturbations and making use
of an ADM analysis in unitary gauge (see for instance [3, 19, 20]) we obtain specific conditions that
ensure the absence of higher spatial derivatives in Sec. 2.2.
Moreover, we also show how the parameters in front of the standard EFT operators of [11] can be
expressed in terms of the time-dependent coefficients of the expansion of (1). Since the action of most
of the existing theoretical models can be written as eq. (1), this can be used to derive a dictionary
between theoretical models and our EFT language. As an illustration, in Sec. 3 we explicitly derive
this dictionary for the most general scalar field theory leading to at most second order equations
of motion, i.e. the Horndeski theory [21] (see also [22]), recently rediscovered in the context of the
so-called Galileon field [23,24] under the name of “generalized Galileons” [25,26].
Let us summarize here the main results of Secs. 2 and 3:
1An alternative formulation of a background independent effective approach to dark energy and modified gravity
was given in [13]. A covariant EFT of cosmological acceleration was developed in [14] for inflation and generalized to
the case of dark energy in [15, 16]—see discussion in [11] for a comparison between the latter approach and the one
advocated here. For a different unifying framework to cosmological perturbations for dark energy and modified gravity
see, for instance, [17].
2This is sufficient to ensure that we only have a single propagating degree of freedom. Note, however, that higher
time derivatives do not lead to higher degrees of freedom if they can be treated perturbatively, i.e. evaluating them
using the lower order equations of motion [18].
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• The most general EFT action, up to quadratic order, for single-field dark energy, in the Jordan
frame, leading to at most second-order equations of motion for linear perturbations can be
written as
S =
∫
d4x
√−g
[
M2∗
2
f(t)R− Λ(t)− c(t)g00 + M
4
2 (t)
2
(δg00)2 − m
3
3(t)
2
δKδg00
− m24(t)
(
δK2 − δKµν δKνµ
)
+
m˜24(t)
2
(3)Rδg00
]
,
(2)
where δg00 ≡ g00+1, δKµν ≡ Kµν−Hhµν , K ≡ Kµµ and we have assumed a flat Universe so that
(3)Rµν vanishes on the background3. This action describes the propagation of one scalar degree
of freedom with dispersion relation ω2 = c2sk
2, where cs is the sound speed of fluctuations given
by eq. (35) with the relations (47). Stability (absence of ghosts) is ensured by the positivity
of the time kinetic term given in (47). The particular combination appearing in the operator
proportional to m24 is such that it does not lead to higher-order spatial derivatives. One can
check that also the combination
(3)Rµν δK
ν
µ −
1
2
(3)RδK (3)
does not generate higher derivatives. However, this operator is not explicitly included in eq. (2)
because it can be reexpressed in terms of the others (see App. A).
• In the particular case where m24 = m˜24, the above action is equivalent to the linearized Horn-
deski’s theory/generalized Galileons and the explicit dictionary between generalized Galileons
and this action is given in App. C. This implies that the dynamics of linear scalar perturbations
of action (2) is more general than that of Horndeski, while remaining second order in time and
space derivatives.
• Expanding the Lagrangian (1) up to quadratic order we also find three operators that lead to
higher order space—but not time—derivatives. These are
Sh.s.d. =
∫
d4x
√−g
[
− m¯24(t) δK2 +
m¯5(t)
2
(3)RδK +
λ¯(t)
2
(3)R2
]
. (4)
When one of these operators is present in the action the dispersion relation of the propagating
mode receives corrections at large momenta, ω2 = c2sk
2 + k4/M2, where M is a mass scale.
These corrections may become important in the limit of vanishing sound speed, such as in the
model of the Ghost Condensate [27] or for deformations of this particular limit [3, 9].
Once a Lagrangian describing matter has been included, the action (2) can be used as a benchmark
for the study of physical signatures of dark energy/modified gravity in the linear regime. In this
context, cosmological perturbations are usually discussed in Newtonian gauge, which is the one that
we employ in Sec. 4. In order to do that, in Sec. 4.1 we restore the covariance via the Stueckelberg
trick [3, 4, 27] and we vary this action with respect to all the scalar dynamical degrees of freedom.
This allows to derive Einstein’s equations and the evolution equation for the fluctuations of the scalar
field responsible of the acceleration, recovering and generalizing previous results [9,11]. Interestingly,
in the Newtonian gauge Einstein’s equations and the scalar equation of motion contain higher order
derivatives when m24 6= m˜24, even if the dynamical equation for the true degree of freedom is only
second order. Finally, in Sec. 4.2 we use these equations to derive the effective Newton constant and
the ratio between the two gravitational potentials.
3The case of non-vanishing spatial curvature is commented on in footnote 7.
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The phenomenology of the operators appearing in action (2) was also studied in [12]. In this
reference it was indeed mentioned that these operators are sufficient to describe linear perturbations
of Horndeski’s theories. However, no proof of this statement was given nor the particular combination
in which such operators appear shown.
2 General Lagrangian in unitary gauge
In the presence of a scalar field φ with a non-vanishing timelike gradient, the so-called unitary
gauge corresponds to a choice of time slicing where the constant time hypersurfaces are uniform φ
hypersurfaces. The use of unitary gauge accomplishes two main objectives. First, as explained at
length in Refs. [3, 4, 27], it makes it straightforward to write a generic Lagrangian for cosmological
perturbations. Since the dynamics of the scalar field has been “eaten” by the metric, the most generic
Lagrangian is simply that for the metric perturbations around a FLRW solution, compatible with the
unbroken symmetry of 3-dimensional diffeomorphisms.
Second, the 3+1 splitting in unitary gauge easily allows to keep the number of time derivatives
under control, while considering higher and higher space derivatives. Therefore, the unitary gauge
is helpful to systematically explore the space of higher spatial derivative theories by considering
geometric invariants on the φ = constant hypersurfaces. In practice, we will use the metric in the
ADM form
ds2 = −N2dt2 + hij
(
dxi +N idt
) (
dxj +N jdt
)
, (5)
where the 3-dimensional metric hij is used to lower and raise latin indices i, j, · · · = 1, 2, 3. Since 3-
dimensional diffeomorphism invariance is preserved in unitary gauge, it is natural to write operators
(with up to two spatial derivatives per field) in terms of the extrinsic and intrinsic curvatures Kµν
and (3)Rµν and their possible contractions. The Lagrangian is also an explicit function of the lapse
function N in general.
Therefore, in the following, we consider a general action of the form
S =
∫
d4x
√−g L(N,K,S,R,Z; t) , (6)
where the Lagrangian L is an arbitrary function of N and of the following four scalar quantities
constructed by contracting the extrinsic and intrinsic curvature tensors:
K ≡ Kµµ , R ≡ (3)R ≡ (3)Rµµ , S ≡ KµνKµν , Z ≡ (3)Rµν (3)Rµν . (7)
Although one should also allow, in principle, for a dependence on Y ≡ (3)RµνKµν , we have preferred
not to include it explicitly in the main body, for simplicity. As shown in App. A, this extra dependence
leads to a quadratic Lagrangian of the same form as that found later in this section, with slightly
modified coefficients. Indeed, since Y is equivalent to HR at linear order, the quadratic terms in the
expansion of the Lagrangian induced by its dependence on Y are analogous to those induced by its
dependence on R. As for the linear term, one can use the equality
λ(t)(3)RµνK
µν =
λ(t)
2
(3)R K +
λ˙(t)
2N
(3)R + boundary terms , (8)
which is also shown in App. A.
Moreover, one could also consider scalars that are combinations of three or more tensors, like
KλµK
µ
νKνλ, but it is easy to show that also in this case they can be re-expressed in terms of the
above combinations, plus corrections which are at least cubic in the perturbations. We will show
this explicitly for the extended Galileon in the next section. Finally, one could take quadratic
combinations of the Riemann tensor such as (3)Rµνρσ
(3)Rµνρσ. However, in three dimensions the
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Riemann tensor can be expressed in terms of the Ricci scalar and tensor.4 Thus, at quadratic order
in the perturbations, the action above seems to exhaust all the possibilities compatible with our
requirements.
In order to explicitly write the expansion of the action (6) up to second order in the perturbations,
it is useful to define the tensors
δK ≡ K − 3H, δKµν ≡ Kµν −Hhµν , (10)
which vanish on the background, and to use the decompositions
S = 3H2 + δS, δS ≡ 2HδK + δKµνδKνµ . (11)
The quantities R and Z vanish on the background and are therefore already perturbative (Z is even
a second order quantity).
The expansion of the Lagrangian up to second order in the perturbations yields, after discarding
irrelevant boundary terms, the expression
L(N,K,S,R,Z) = L¯− F˙ − 3HF + (F˙ + LN ) δN + LR δR
+
A
2
δK2 + LS δK
µ
νδK
ν
µ +
(
1
2
LNN − F˙
)
δN2
+
1
2
LRR δR2 + B δKδN + C δKδR+ LNR δNδR + LZδZ +O(3) ,
(12)
where we have introduced the following notations for some combinations of the partial derivatives of
the Lagrangian (denoting LN ≡ ∂L/∂N , etc.), to make this expression more compact:
F ≡ 2HLS + LK ,
A ≡ 4H2LSS + 4HLSK + LKK ,
B ≡ 2HLSN + LKN ,
C ≡ 2HLSR + LKR .
(13)
The first term, L¯, is the homogeneous Lagrangian and all partial derivatives of L that appear in the
above expression are evaluated on the homogeneous background, i.e. for N¯ = 1, S¯ = 3H2, K¯ = 3H,
R¯ = 0 and Z¯ = 0. Note that, in order to obtain the expression (12), we have rewritten the term
linear in δK as
FδK = F(K − 3H) , (14)
and integrated it by parts using K = ∇µnµ,∫
d4x
√−gFK = −
∫
d4x
√−g nµ∇µF = −
∫
d4x
√−g F˙
N
, (15)
where nµ is the unit vector orthogonal to constant time hypersurfaces and, in unitary gauge, has
time component n0 = 1/N .
4This can be done using the relation
(3)
Rµνρσ =
(3)
Rµρhνσ −
(3)
Rνρhµσ −
(3)
Rµσgνρ +
(3)
Rνσhµρ −
1
2
(3)
R(hµρhνσ − hµσhνρ) . (9)
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2.1 Background equations
For the background we assume a flat homogeneous FLRW metric, written in the form
ds2 = −N2(t)dt2 + a2(t)δijdxidxj . (16)
In this case K = 3H/N and S = 3H2/N2, where H ≡ a˙/a is the Hubble rate. Note that it is crucial
to explicitly keep the lapse function N , because the first Friedmann equation is the constraint arising
from the invariance under time reparametrization. Linear variation of the homogeneous action S0
with respect to the lapse N and the scale factor a yields
δS0 =
∫
dtd3x
[
a3
(
L¯+ LN − 3HF
)
δN + 3a2
(
L¯− 3HF − F˙
)
δa
]
, (17)
where we have used
√−g = a3N . Then the Friedmann equations are directly given by5
3HF − L¯− LN = 0, (18)
which depends on first time derivatives at most, and
F˙ + 3HF − L¯ = 0 , (19)
which determines the dynamics of the scale factor.
As expected, by using the above equations one can check that the first order of the total La-
grangian L ≡ √−g L vanishes. Indeed, using √−g = √hN , where h is the determinant of the
3-dimensional metric hij in the ADM decomposition, one easily finds
L1 =
(
L¯− 3HF − F˙
)
δ
√
h+ a3(LN + L¯− 3HF)δN + a3LR δR , (20)
where the last term is a total derivative and can be ignored.
2.2 Perturbations in the ADM formalism
In this sub-section we perform the analysis of the perturbations in unitary gauge and by using the
ADM form of the metric, eq. (5). For the action at second order, we will only need to take into
account the perturbations of
√−g at first order, δ√−g = δ√h+a3δN , because the second order one
multiplies the LHS of eq. (19). Thus, the quadratic Lagrangian for perturbations is given by
L2 = δ
√
h
[
(F˙ + LN )δN + LR δR
]
+ a3
[(
LN +
1
2
LNN
)
δN2 + LRδ2R+ 1
2
A δK2 + B δKδN + C δKδR
+LS δK
µ
ν δK
ν
µ + LZ δRµν δRνµ +
1
2
LRR δR2 + (LR + LNR) δNδR
]
,
(21)
where δ2R denotes the expansion of R at second order in the perturbations.
In the ADM decomposition (5) the only relevant components of the extrinsic curvature tensor
are given by
Kij =
1
2N
(h˙ij −∇iNj −∇jNi) , (22)
where∇i stands for the covariant derivative associated with the 3-dimensional metric hij . For explicit
calculations in unitary gauge we choose to describe scalar perturbations of the spatial metric in terms
of ζ [19],
hij = a
2(t)e2ζδij . (23)
5We have not included explicitly the matter in the Friedmann equations, but it is straightforward to do so.
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(We consider the tensor modes separately in App. B.) Thus, the perturbations of the quantities used
above are given by
δ
√
h = 3a3ζ , δKij =
(
ζ˙ −HδN
)
δij −
1
a2
δik∂(kNj) , (24)
and
δRij = −δij∂2ζ − ∂i∂jζ , δ2R = − 2
a2
[
(∂ζ)2 − 4ζ∂2ζ] . (25)
Note that in this section ∂ stands for a spatial derivative and ∂2 ≡ ∂i∂i. By using the above
expressions, the variation of L2 with respect to δN yields the Hamiltonian constraint, which reads
[LNN + 2LN + 3H (3HA + 2HLS − 2B)] δN + 3 (B − 3HA− 2HLS) ζ˙ + 3(LN + F˙)ζ
− (B − 3HA− 2HLS) ∂
2ψ
a2
− 4 (LR + LNR − 3HC) ∂
2ζ
a2
= 0 . (26)
By varying L2 with respect to the shift
Ni ≡ ∂iψ , (27)
one obtains the momentum constraint, which implies
− (B − 3HA− 2HLS) δN + (A+ 2LS) ∂
2ψ
a2
= (3A + 2LS) ζ˙ − 4C ∂
2ζ
a2
. (28)
By combining the two constraints, one can express both δN and ∂2ψ as functions of ζ and its
derivatives and then substitute in the action to write it only in terms of ζ and its derivatives. In
general, a term proportional to (∂2ζ)2 will remain. Here, in order to single out the lowest derivatives
operators first, we want to find conditions under which this term disappears. If one considers the
second order action before the substitution of the constraints, one finds the following terms
1
a
[
1
2
(A+ 2LS) (∂2ψ)2 + 4C ∂2ψ ∂2ζ + 2 (4LRR + 3LZ) (∂2ζ)2
]
. (29)
Taking into account the momentum constraint (28), one immediately sees that imposing the three
conditions6
A+ 2LS = 0 , C = 0 , 4LRR + 3LZ = 0 , (30)
implies the elimination of the term proportional to (∂2ζ)2 in the final action and the absence of
higher derivatives in the equation of motion for ζ. As we will see in the next section, all generalized
Galileon models satisfy the three conditions (30).
When (30) are satisfied, the momentum constraint reduces to
δN = D ζ˙ , D ≡ 4LSB + 4HLS . (31)
By direct substitution into L2 and after an integration by parts to get rid of the term ζ˙∂2ζ (note that
the ζζ˙ term vanishes because of the background equations of motion), we finally get the following
Lagrangian for ζ:
L2 = a
3
2
[
Lζ˙ζ˙ ζ˙2 + L∂iζ∂iζ
(∂iζ)
2
a2
]
, (32)
6Note that these conditions are only sufficient. A more general analysis can be performed by explicitly requiring that
the coefficient of (∂2ζ)2 vanishes once the two constraints have been solved. However, this leads to a very complicated
equation involving many of the coefficients of the quadratic Lagrangian and it is not clear whether one can find physically
relevant solutions that evade (30).
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with
Lζ˙ζ˙ ≡ 2
(
1
2
LNN + LN − 3HB − 6H2LS
)
D2 + 12LS ,
L∂iζ∂iζ ≡ 4
[
LR − 1
a
d
dt
(aM)
]
, M≡ D(LR + LNR) .
(33)
Classical and quantum stability (absence of ghosts) requires that the time kinetic energy is positive
(see, e.g. [3, 9]),
Lζ˙ζ˙ > 0 . (34)
The sound speed (squared) of fluctuations can be simply computed by taking the ratio
c2s = −
L∂iζ∂iζ
Lζ˙ζ˙
. (35)
2.3 The EFT language
We are now going to express the conditions on the absence of higher derivatives in terms of the
coefficients of the action of the EFT formalism of Refs. [11,12]. The action up to quadratic order in
the perturbations can be written as
S =
∫
d4x
√−g
[
M2∗
2
fR− Λ− cg00 + M
4
2
2
(δg00)2 − m¯
3
1
2
δKδg00
− M¯
2
2
2
δK2 − M¯
2
3
2
δKµν δK
ν
µ +
µ21
2
(3)Rδg00 +
m¯5
2
(3)RδK +
λ1
2
(3)R2 +
λ2
2
(3)Rµν
(3)R νµ
]
,
(36)
where R in the first term inside the bracket is the four-dimensional Ricci scalar. Note that, in order
to make the comparison with the previous subsection simpler, we have found more convenient to
use the 3-dimensional Ricci scalar and tensor in the quadratic terms, instead of the four-dimensional
ones used in Ref. [11], since the link with the ADM decomposition is then transparent.
Let us first discuss how the background equations (18) and (19) translate in this language. In
action (36) we have used the time-time component of the inverse metric g00 and its perturbation
in the expansion of quadratic and higher order operators, as it is customary in the EFT formalism.
However, in the previous subsections it was more convenient to work directly with the lapse function
N , related to g00 by
g00 = − 1
N2
. (37)
Only the first three terms in brackets in eq. (36) contribute to L¯, LN and F , and thus to the
background equations of motion. Using eq. (37) and employing the decomposition of the four-
dimensional curvature scalar,
R = (3)R+KµνK
µν −K2 + 2∇ν(nν∇µnµ − nµ∇µnν) , (38)
after an integration by parts in the action we can rewrite these terms as
L0 =
M2∗
2
(
fR+ fS − fK2 − 2f˙ K
N
)
− Λ+ c
N2
, (39)
(we remind the reader that R ≡ (3)R). By expanding at linear order in δN , integrating by parts the
terms linear in K, we can match the background and linear terms of this action with the first line of
eq. (12), which yields
L¯− F˙ − 3HF =M2∗ (3fH2 + 2fH˙ + 2f˙H + f¨) + c− Λ ,
F˙ + LN =M2∗ (f˙H − 2fH˙ − f¨)− 2c .
(40)
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From these two relations and using the background equations of motion (18) and (19) one finds that
c and Λ are given by
c+ Λ = 3M2∗
(
fH2 + f˙H
)
, (41)
Λ− c =M2∗
(
2fH˙ + 3fH2 + 2f˙H + f¨
)
. (42)
This coincides with what was found in Ref. [11] in the absence of matter.
To discuss linear perturbations we only need the second-order expansion of the action (36). By
rewriting the first three terms as in eq. (39), expressing g00 in terms of N and using the definitions
(10) and (11), one immediately sees that the EFT action is of the form (6). One can thus use the
second-order expansion of the Lagrangian (21) with the following dictionary:
LR =
1
2
M2∗ f ,
1
2
LNN + LN = c+ 2M
4
2 ,
A = −M2∗ f − M¯22 ,
B = f˙M2∗ − m¯31 ,
C = m¯5
2
,
LS =
1
2
(
M2∗ f − M¯23
)
,
LZ =
λ2
2
,
LNR = µ
2
1 ,
LRR = λ1 ,
(43)
which is completed with eq. (40).
With these relations, the conditions for the absence of higher derivatives, eq. (30), can be written
in the EFT of dark energy language. They read:
M¯22 + M¯
2
3 = 0 , m¯5 = 0 , 4λ1 +
3
2
λ2 = 0 . (44)
These conditions are straightforward to verify. Using eqs. (24) and (27), δK2 contains a higher
derivative term, (∂2ψ)2, while δKµνδK νµ contains (∂i∂jψ)
2. However, when the first condition in
eq. (44) is satisfied the combination of higher derivative terms in eq. (36) gives an irrelevant boundary
term. The second condition implies that the operator (3)RδK, which contains ∂2ψ∂2ζ, does not
appear. Finally, (3)R2 = 16(∂2ζ)2/a4 and (3)Rij
(3)Rij = [5(∂2ζ)2 + (∂i∂jζ)
2]/a4: one can check that
when the third condition is satisfied the sum of the two operators in eq. (36) vanishes up to a total
derivative.
In summary, the most general EFT Lagrangian which does not generate higher derivatives in the
linear equations for the perturbations is7
L =
M2∗
2
f(t)R− Λ(t)− c(t)g00 + M
4
2 (t)
2
(δg00)2 − m
3
3(t)
2
δKδg00
− m24(t)
(
δK2 − δKµν δKνµ
)
+
m˜24(t)
2
(3)Rδg00 ,
(45)
7Let us comment here on the case of a non-vanishing spatial curvature, to which our formalism can be extended
straightforwardly with the following caveats. Obviously, δ (3)R should be used instead of (3)R in the quadratic operators,
but apart from this the Lagrangian (45) and its properties are unchanged. The background equations change (see
e.g. eqs. 16 and 17 or Ref. [11]), as well as the dictionary (43), because some first order quantity will now contribute
already at zeroth order. The explicit expressions (25) of (3)R change by a term linear in ζ but with no derivatives,
which, therefore, will not produce higher derivatives in the ADM analysis of Sec 2.2.
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where
m33 ≡ m¯31 , m24 ≡
1
4
(M¯22 − M¯23 ) , m˜24 ≡ µ21 , (46)
as in eq. (2). Terms containing (3)R2 and (3)Rµν (3)R νµ do not appear because they only contain higher
spatial derivatives. By employing the dictionary (43) in eq. (33), the quadratic action for ζ is given
by eq. (32) where
Lζ˙ζ˙ = 2
(
c+ 2M42 − 3H2M2∗ f − 3HM2∗ f˙ + 3Hm33 − 6H2m24
)
D2 + 6(M2∗ f + 2m24) ,
L∂iζ∂iζ = 2
[
M2∗ f −
2
a
d
dt
(aM)
]
,
(47)
and
D = 2(M
2
∗ f + 2m
2
4)
2H(M2∗ f + 2m
2
4) +M
2
∗ f˙ −m33
,
M = D
2
(M2∗ f + 2m˜
2
4) .
(48)
The stability of a given model is then determined by the condition Lζ˙ ζ˙ > 0 and the speed of sound
can be straightforwardly computed from eq. (35) by using the relations above. One can check that
these results agree with those found in [11] in the limit m24 = m˜
2
4 = 0.
Finally, we can also write down the independent operators that generate higher spatial derivatives.
These are
Lh.s.d. = − m¯24(t) δK2 +
m¯5(t)
2
(3)RδK +
λ¯(t)
2
(3)R2 . (49)
We now turn to study a well known example of scalar-tensor theories of gravity which does not
generate equations of motion with higher derivatives and, when restricting to linear perturbations,
is contained in the Lagrangian (45).
3 Generalised Galileons
In four dimensions, the most general scalar tensor theory having field equations of second order in
derivatives is a combination of the following generalized Galileon Lagrangians [21,25,26],
L2 =G2(φ,X) , (50)
L3 =G3(φ,X)φ , (51)
L4 =G4(φ,X)R − 2G4X(φ,X)(φ2 − φ;µνφ;µν) , (52)
L5 =G5(φ,X)Gµνφ
;µν +
1
3
G5X(φ,X)(φ
3 − 3φφ;µνφ;µν + 2φ;µνφ;µσφ;ν;σ) . (53)
For notational convenience, in this section we mostly indicate covariant differentiation with a semi-
colon symbol, i.e. ;µ. Moreover, we have defined X ≡ φ;µφ;µ (note that X is sometimes defined
differently, i.e., with a factor of −1/2).
In order to translate the above Lagrangians into our EFT language we will proceed in two steps.
First, we will rewrite each of these Lagrangians in terms of 3-dimensional geometrical objects (Kνµ,
(3)Rνµ, etc.) so that their unitary gauge expression becomes easily readable. The 3+1 decomposition
that we are after loses manifest general covariance but shows straightforwardly the lack of higher time
derivatives already at the level of the action. The second step will be to compute the corresponding
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coefficients of the operators (45) by simply inverting the dictionary that we derived in the previous
section—eqs (40) and (43):
c = −1
2
(
F˙ + LN
)
+HL˙R − 2LRH˙ − L¨R ,
Λ = −L¯− 1
2
LN +
1
2
F˙ + 3HF + 2H˙LR + 6H2LR + 5HL˙R + L¨R ,
f = 2LRM
−2
∗ ,
M42 =
1
4
(LNN + 3LN + F˙)− 1
2
(HL˙R − 2H˙LR − L¨R) ,
m33 = 2L˙R − 2HLSN − LKN = 2L˙R − B ,
m24 =
1
2
(
LS − 2LR − 2H2LSS − 2HLSK − 1
2
LKK
)
=
1
2
(LS − 2LR)− 1
4
A ,
m˜24 = LNR ,
(54)
where we have directly adopted the notation (46) which holds in absence of higher derivatives—more
general relations are easily found when eq. (44) is not satisfied.
The main result of this section is that the dynamics of linear perturbations for all generalized
Galileons is described by (45), with the further restriction m24 = m˜
2
4. This is in agreement with the
result [25,26] that also higher space derivatives are absent from the equations of motion. This section
is rather technical; the reader uninterested in the details of the calculations can skip the following
subsections and go directly to Sec. 3.5 where we summarize our main results.
3.1 Geometric preliminaries
In order to express in unitary gauge terms of increasing complexity, it is useful to review the geo-
metric formalism adapted to the 3 + 1 decomposition and separate the quantities into “orthogonal”
and “parallel” to the hypersurface φ = const. First, we define the future directed unitary vector
orthogonal to the hypersurface. Up to a factor γ, this is proportional to the gradient of φ ,
nµ = −γ φ;µ, γ = 1√−X . (55)
The metric induced on the φ = const. hypersurface is hµν = nµnν + gµν . Orthogonal to nµ are
also various quantities that “live” on the hypersurface, in the sense that they vanish when contracted
with nµ: the extrinsic curvature and the “acceleration” vector
Kµν = h
σ
µ nν;σ, n˙µ = n
ν nµ;ν . (56)
The last two equations can be inverted by decomposing the derivative of nµ into parallel and paral-
lel/orthogonal components,
nν;µ = Kµν − nµn˙ν . (57)
By means of the quantities just defined, we can decompose the second derivative of the scalar
field as
φ;µν = −γ−1(Kµν − nµn˙ν − nνn˙µ) + γ
2
2
φ;λX;λnµnν . (58)
Again, this decomposition into parallel and orthogonal quantities is useful when calculating compli-
cated products such φ;µν φ
;νσ φ;µ;σ that appear in L5, see eq. (53).
Other relevant equations are the Gauss-Codazzi equations, relating the Ricci tensor and scalar
intrinsic to the hypersurface, (3)Rµν and
(3)R, to the four-dimensional ones [28,29],
(3)Rµν = (Rµν)‖ + (n
σnρRµσνρ)‖ −KKµν +KµσKσν , (59)
(3)R = R+K2 −KµνKµν − 2(Knµ − n˙µ);µ , (60)
where the symbol ‖ means projection on the hypersurface of all tensor indices, e.g. (Vµ)‖ ≡ h νµ Vν .
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3.2 L3
Since L2 is trivial, following [11] we start from L3 and see how to rewrite it in the EFT of dark
energy formalism. First, it is convenient to define an auxiliary function F3(φ,X) such that
G3 ≡ F3 + 2XF3X . (61)
Thus, L3 in eq. (51) can be written as
L3 = F3φ+ 2XF3Xφ . (62)
We integrate by parts the first term on the right-hand side and we rewrite the second term using
φ = −γ−1K + 12φ;µX;µ/X, which is obtained by tracing eq. (58). This yields
L3 = −(F3XX;µ + F3φ φ;µ)φ;µ − 2Xγ−1F3XK + F3XX;µφ;µ . (63)
After noticing that the first term inside the parenthesis cancels with the last one we finally obtain
an expression for L3 which is of the form of eq. (12),
L3 = 2(−X)3/2F3XK −XF3φ , (64)
where we have used γ = 1/
√−X . In unitary gauge φ(t, ~x) = φ0(t), which implies, for instance,
F3X(φ,X)→ F3X(φ0(t),−φ˙20(t)/N2) . (65)
Using eq. (54), it is now straightforward to derive the corresponding EFT parameters in terms of
the Lagrangian parameters evaluated on the background. They are explicitly given in App. C and
coincide with those given in [11]. They only depend on four Lagrangian parameters, G3φ, G3X ,
G3Xφ and G3XX , so that the dependence on the auxiliary function F3 disappears. As expected from
eq. (64), f , m24 and m˜
2
4 all vanish: in order to describe L3 we only need c, Λ, M
4
2 and m
3
3.
3.3 L4
We now proceed with L4, defined in eq. (52). Using eq. (58) and its trace we can rewrite this as
L4 = G4R− 2G4X
[(
γ−1K +
γ2
2
φ;µX;µ
)2
− γ−2(KµνKµν − 2n˙µn˙µ)− γ
4
4
(φ;µX;µ)
2
]
= G4R+ 2XG4X(K
2 −KµνKµν) + 2G4XX;µ(Knµ − n˙µ) ,
(66)
where in the second line we have used that γ−2 = −X. Moreover, for the last term we have
replaced γ−1φ;µ by −nµ and used n˙µ = γ
2
2 h
ν
µ X;ν . In this last term we can employ that G4XX;µ =
∂µG4 −G4φφµ = ∂µG4 + γ−1G4φnµ. After an integration by parts this yields, using nµn˙µ = 0,
2G4XX;µ(Kn
µ − n˙µ) = −2G4(Knµ − n˙µ);µ − 2γ−1G4φK . (67)
The first term on the right-hand side of this expression can be rewritten by using the Gauss-Codazzi
equation (59). Plugging all this into the second line of eq. (66) we finally obtain L4 in 3+1 decom-
position,
L4 = G4
(3)R+ (2XG4X −G4)(K2 −KµνKµν)− 2
√−XG4φK . (68)
It is now lengthy but straightforward to apply our usual dictionary (54) to derive the corresponding
EFT parameters. Their explicit expression can be found in App. C. They depend on the six
Lagrangian parameters G, G4X , G4Xφ, G4XX , G4XXφ and G4XXX . We need all the seven parameters
of the EFT action (45) to describe L4 but the last two are equal, m
2
4 = m˜
2
4.
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3.4 L5
This Galileon Lagrangian is more involved than the others. Let us start working on the first term
on the right-hand side of eq. (53), G5Gµνφ
;µν . Integrating it by parts gives
G5Gµνφ
;µν = −G5XX ;νφ;µGµν −G5φγ−2Gµνnµnν . (69)
At this stage, as we did for L3, it is convenient to define an auxiliary function F5(φ,X), such that
G5X ≡ F5X + F5
2X
, (70)
and use this definition to integrate by parts the term proportional to G5X in (69). In particular,
using that
G5XX;ρ = γ∇ρ(γ−1F5) + F5φγ−1nρ , (71)
we obtain
G5Gµνφ
;µν = F5φ
;µνGµν + γ
−2(F5φ −G5φ)Gµνnµnν − γ
2
F5X
;µnνGµν . (72)
Let us now work on the second term on the right-hand side of eq. (53). Using eq. (58) we can
rewrite this as
1
3
G5X(φ
3 − 3φφ;µνφ;µν + 2φ;µνφ;µσφ;ν;σ) = −G5X
γ−3
3
K+G5XJ , (73)
where
K ≡ K3 − 3KKµνKµν + 2KµνKµσKνσ , (74)
J ≡ −1
2
φ;ρX;ρ(K
2 −KµνKµν)− 2γ−3(Kn˙µn˙µ −Kµν n˙µn˙ν) . (75)
The term proportional to J on the right-hand side of eq. (73) can be integrated by parts using the
same trick as above, which yields
G5XJ = −F5γ−1
(
1
2
K +KµνnσnρRµσνρ −KnσnρRσρ + n˙σnρRσρ
)
− γ
−2
2
F5φ(K
2 −KµνKµν) .
(76)
For the last part of the calculation we need the (one time-)contracted Gauss-Codazzi relation,
eq. (59), which gives
KµνGµν = K
µν (3)Rµν −KµνnσnρRµσνρ +KK2µν −K3µν −
1
2
RK . (77)
Replacing φ;µν with eq. (58) in eq. (72) and using this relation, the terms proportional to F5 in
eqs. (72) and (76) combine and simplify to
−γ−1F5
(
(3)GµνK
µν − 1
6
K
)
. (78)
Using this and putting together all the terms of L5 from eqs. (72), (73) and (76) we finally obtain
L5 = −
√
−XF5
(
Kµν (3)Rµν − 1
2
K(3)R
)
− 1
3
(−X)3/2G5XK
+
1
2
X(G5φ − F5φ)(3)R+ 1
2
XG5φ(K
2 −KµνKµν) ,
(79)
where in the last line we have used
2Gµνn
µnν = (3)R+K2 −KµνKµν . (80)
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Operator f Λ c M42 m
3
3 m
2
4 = m˜
2
4
L2 0 X X X 0 0
L3 0 X X X X 0
L4 X X X X X X
L5 X X X X X X
Table 1: A list of the different contributions of the generalized Galileon Lagrangians (50)–(53) to the operators
of (45).
Note that the last line of (79) has the same form as the first two terms of L4 given in eq. (68): by
using eq. (70) it can be written as
G4
(3)R+ (2XG4X −G4)(K2 −KµνKµν) , (81)
with G4 ≡ 12X(G5φ − F5φ).
In order to compute the coefficients of the various EFT operators we use the dictionary (54). To
treat the term Kµν (3)Rµν we employ the prescription described by eq. (126) in App. A. Moreover, it
is useful to notice that, up to quadratic order, the combination K of the extrinsic curvature tensor
can be replaced by an expression that depends only on S and K:
K = 6H3 − 6H2K + 3HK2 − 3HS +O(3) . (82)
The EFT operator coefficients are explicitly given in App. C. One finds that they depend on the six
Lagrangian parameters G5φ, G5X , G5Xφ, G5XX , G5XXφ and G5XXX—the dependence on F5 explic-
itly cancels out—and, as in the case of L4, m
2
4 = m˜
2
4. Thus, at linear order in the perturbations—
quadratic in the action—L5 does not bring any new operator with respect to L4. The difference
between L4 and L5 appears at the cubic order in the action.
3.5 Summary
We have established a dictionary between the generalized Galileon theory, eqs. (50)–(53), and the
EFT of dark energy parameters entering the action (2). Such a dictionary is explicitly given in App. C.
As summarised in Table 1, the EFT operators and their associated time-dependent parameters that
are needed to describe the generalized Galileons are only six: c, Λ and f , the three usual parameters
already present at the background level, and M42 , m
3
3, m
2
4 = m˜
2
4, progressively appearing in L2, L3,
L4 and L5, contributing only to the perturbations. As already stressed, at quadratic order in the
perturbations, L4 contains the same number of independent operators as L5—in particular, only
the combination m24 = m˜
2
4 appears in the action. The case m
2
4 6= m˜24 encompasses the generalized
Galileons: it does not contain higher derivatives and yet does not belong to the generalized Galileon
class.8 When m24 6= m˜24, higher derivatives are expected to appear beyond linear order. However,
the effect of these higher derivatives can be ignored as long as perturbations remain small and linear
theory is a good approximation.
4 Observables
Observables describing large scale structures are computed in the framework of linear cosmological
perturbation theory. In this section we first derive the perturbation equations describing the dynamics
of dark energy and modified gravity. We include a matter sector describing cosmological species such
8Note that our formalism easily applies to nonlinear extensions of Hordenskis theories, such as described in Ref. [30].
In this particular case, one finds that m24 6= m˜
2
4 but the quadratic action contains higher order spatial derivatives.
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as cold dark matter, baryons, photons and neutrinos—by adding the matter Lagrangian Lm(gµν , ψm)
to eq. (2), so that the final Jordan frame action in unitary gauge reads
S =
∫
d4x
√−g
[
M2∗
2
f(t)R− Λ(t)− c(t)g00 + M
4
2 (t)
2
(δg00)2 − m
3
3(t)
2
δKδg00
− m24(t)
(
δK2 − δKµνδKµν
)
+
m˜24(t)
2
(3)Rδg00
− m¯24(t)δK2 +
m¯5(t)
2
(3)RδK +
λ¯(t)
2
(3)R2 + Lm(gµν , ψm)
]
.
(83)
We then discuss the modifications of gravity expected in linear theory. We will use Newtonian gauge,
which is often used in cosmology, especially to describe cosmological perturbations for modified
gravity. Extension to other gauges or to so-called “gauge invariant” formalisms is straightforward.
4.1 Perturbation equations
We will first restore the general covariance of the action above and write it in a generic coordinate
system. In order to do that we need to reintroduce the scalar fluctuation π via the Stueckelberg
trick [3, 4, 27]. Under the time coordinate change t → t + π(t, ~x), the four-Ricci scalar R remains
invariant, while functions of time such as f and the 3-dimensional quantities change as9 10
f → f + f˙π + 1
2
f¨π2 , (84)
g00 → g00 + 2g0µ∂µπ + gµν∂µπ∂νπ , (85)
δKij → δKij − H˙πhij − ∂i∂jπ , (86)
δK → δK − 3H˙π − 1
a2
∂2π , (87)
(3)Rij → (3)Rij +H(∂i∂jπ + δij∂2π) , (88)
(3)R→ (3)R+ 4
a2
H∂2π . (89)
In the new coordinates we consider a linearly perturbed FLRW metric with only scalar fluctua-
tions,
ds2 = −(1 + 2Φ)dt2 + 2∂iαdtdxi + a2(t) [(1− 2Ψ)δij + 2χij ] dxidxj , (90)
where χij is traceless and given in terms of the scalar perturbation β, χij ≡ (∂i∂j − 13δij∂2)β. The
extrinsic curvature and the 3-dimensional Ricci tensor of the new equal-time hypersurfaces thus read
Kij = e
−Φ(H − Ψ˙)hij + χ˙ij − ∂i∂jα ,
(3)Rij = ∂i∂jΨ+ δij∂
2Ψ+ 2∂k∂(iχ
k
j) − ∂2χij .
(91)
We also decompose the matter stress-energy tensor at linear order as
T 00 ≡ −(ρm + δρm) , (92)
T 0i ≡ (ρm + pm)∂iv = −a2T i0 , (93)
T ij ≡ (pm + δpm)δij +
(
∂i∂j − 1
3
δij∂
2
)
σ , (94)
9With an abuse of notation, here we denote the extrinsic curvature on hypersurfaces of constant time with Kij even
when we are not in unitary gauge. The reader must be aware that Kij is not the same geometrical object before and
after the Stueckelberg trick. The same also holds for (3)Rij . In particular, after the Stueckelberg trick Kij and
(3)Rij
are respectively given by eq. (91).
10The operator m˜24 is also considered in Ref. [12]. However, in v1 of this reference, the variation (89) of
(3)R under the
Stueckelberg trick has been overlooked and the error propagates into the Einstein equations and the various observables.
With the authors of [12] there is now agreement on this issue [31].
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where ρm and pm are respectively the background energy density and pressure and δρm and δpm their
perturbations, v is the 3-velocity potential and σ the scalar component of the anisotropic stress. The
background equations derived from the action (83) are [11]
c+ Λ = 3M2∗ (fH
2 + f˙H)− ρm , (95)
Λ− c =M2∗ (2fH˙ + 3fH2 + 2f˙H + f¨) + pm . (96)
Using these expressions and the transformations (84)-(89) allows us to rewrite (83) as an action
for the scalar fluctuations Φ, α, Ψ, β and π. We can vary eq. (83) expanded at second order and then
fix the Newtonian gauge by setting α = 0 = β in the equations derived. This yields five equations,
0 =
1√−g
δS
δΦ
∣∣∣∣
α=0=β
≡ AΦΦ+AΨ˙Ψ˙ +Apiπ +Ap˙iπ˙ +
k2
a2
(A
(2)
Ψ Ψ+A
(2)
pi π) + δT
0
0 , (97)
0 =
1√−g
δS
δα
∣∣∣∣
α=0=β
≡ k2
[
BΦΦ+BΨ˙Ψ˙ +Bpiπ +Bp˙iπ˙ +
k2
a2
(B
(2)
Ψ Ψ+B
(2)
pi π)
]
− ikiδT 0i , (98)
0 =
1√−g
δS
δΨ
∣∣∣∣
α=0=β
≡ CΦΦ+ CΦ˙Φ˙ + CΨ˙Ψ˙ + CΨ¨Ψ¨ + Cpiπ + Cp˙iπ˙ + Cp¨iπ¨
+
k2
a2
(C
(2)
Φ Φ+ C
(2)
Ψ Ψ+ C
(2)
pi π + C
(2)
p˙i π˙) +
k4
a4
(C
(4)
Ψ Ψ+ C
(4)
pi π)− δT kk , (99)
0 =
1√−g
δS
δβ
∣∣∣∣
α=0=β
≡
(
kik
j − 1
3
δji k
2
)[
kikj
(
D
(2)
Φ Φ+D
(2)
Ψ Ψ+D
(2)
Ψ˙
Ψ˙ +D(2)pi π +D
(2)
p˙i π˙
+
k2
a2
(D
(4)
Ψ Ψ+D
(4)
pi π)
)
− δT ij
]
, (100)
0 =
1√−g
δS
δπ
∣∣∣∣
α=0=β
≡ EΦΦ+ EΦ˙Φ˙ + EΨΨ+ EΨ˙Ψ˙ + EΨ¨Ψ¨ + Epiπ +Ep˙iπ˙ + Ep¨iπ¨
+
k2
a2
(E
(2)
Φ Φ+E
(2)
Ψ Ψ+ E
(2)
Ψ˙
Ψ˙ +E(2)pi π) +
k4
a4
(E
(4)
Ψ Ψ+ E
(4)
pi π) . (101)
The coefficients Aa, Ba, Ca,Da and Ea of these equations are detailed in App. D.
The explicit expressions of the above coefficients given in the appendix contain also higher-
derivative terms—those proportional to m¯24, m¯5 and λ¯. To compare with the usual Einstein equa-
tions, here we rewrite these equations by replacing the components of the stress-energy tensor T µν
with their expressions given in eqs. (92)–(94). For simplicity, we set m¯24 = m¯5 = λ¯ = 0. We obtain:
• 00-component (δS/δΦ = 0):
M2∗
[
− 2f
(
k2
a2
Ψ+ 3HΨ˙ + 3H2Φ
)
+ f˙
(
k2
a2
π + 3H2π − 3H(Φ − π˙)− 3(Ψ˙ +HΦ)
)
+ 3Hf¨π
]
− (c˙+ Λ˙)π + (2c + 4M42 + 3Hm33) (Φ− π˙) + (m33 − 4Hm24)
[
−k
2
a2
π + 3(HΦ+ πH˙ + Ψ˙)
]
− 4k
2
a2
m˜24(Ψ +Hπ) = δρm .
(102)
• 0i-component (δS/δα = 0):
M2∗
[
(Hf˙ − f¨)π + f˙ (Φ− π˙) + 2f(HΦ+ Ψ˙)]− 2cπ −m33 (Φ− π˙) + 4m24(HΦ+ Ψ˙ + H˙π)
= − (pm + ρm) v .
(103)
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• ij-trace component (δS/δΨ = 0):
M2∗
{
2f
[
−1
3
k2
a2
(Φ −Ψ) + (3H2 + 2H˙)Φ +H(Φ˙ + 3Ψ˙) + Ψ¨
]
+ f˙
[
−2
3
k2
a2
π + 2HΦ + 2H(Φ− π˙)− (3H2 + 2H˙)π + 2Ψ˙ + Φ˙− π¨
]
+ f¨ [−2Hπ + 2(Φ − π˙)]− f (3)π
}
+ (Λ˙− c˙)π + 2c(Φ − π˙)
− 4
3
k2
a2
[
m˜24(Φ − π˙) +
(
Hm24 + (m
2
4)
·)π +m24π˙]
+ 4(H˙m24)
·π + 4m24H˙π˙ −
[
(m33)
· + 3Hm33
]
(Φ− π˙)−m33(Φ˙− π¨)
+ 4
[
H(m24)
· + 3H2m24 + H˙m24
]
Φ+ 4(m24)
·Ψ˙ + 4m24H(3H˙π + Φ˙ + 3Ψ˙) + 4m24Ψ¨ = δpm .
(104)
• ij-traceless component (δS/δβ = 0):
M2∗
[
f(Φ−Ψ) + f˙π
]
+ 2
[
m24π˙ +m
2
4Hπ + (m
2
4)
·π]+ 2m˜24(Φ− π˙) = σ . (105)
By combining eqs. (97) and (98) we obtain the relativistic generalization of the Poisson equation,
FΦΦ+ FΨ˙Ψ˙ + Fpiπ + Fp˙iπ˙ +
k2
a2
(F
(2)
Ψ Ψ+ F
(2)
pi π) = δρm − 3H(ρm + pm)v ≡ ρm∆m , (106)
which can be also written as:
• Generalized Poisson equation:
− k
2
a2
[
(2fM2∗ + 4m˜
2
4)Ψ− (f˙M2∗ −m33 + 4Hm24 − 4Hm˜24)π
]
+ (6M2∗H
2f˙ − 6Hc− c˙− Λ˙ + 3m33H˙)π
− (2c+ 4M42 )π˙ − (3M2∗Hf˙ − 2c− 4M42 )Φ − 3M2∗ f˙Ψ˙ + 3m33(Ψ˙ +HΦ) = ρm∆m .
(107)
Note that when m24 6= m˜24 some of the equations contain terms with higher derivates: for instance,
the terms with k2π˙ in eq. (104), fourth line, and those with π˙ in eq. (105). However, the scalar
propagating degree of freedom satisfies a second order equation. Indeed, one can use eq. (105) to
remove the higher derivative terms from eq. (104) and derive a purely second order equation for Ψ.
This is even clearer in unitary gauge, where higher derivative are explicitly absent—see analysis of
Sec. (2.2).
4.2 Modification of gravity
In order to derive the effective Newton constant, Geff , we consider the quasi static approximation,
i.e. we neglect the time derivatives in the equations of motion and we neglect the anisotropic stress,
σ = 0 in eq. (100). This is a good approximation for scales much smaller than the sound horizon
scale, i.e. for k ≫ aH/cs. For models with small or vanishing sound speed (see e.g. [10]) or on scales
longer than the sound horizon, a consistent treatment which takes into account the time derivatives
should be undertaken.
In the quasi-static limit, Geff is defined by
−k
2
a2
Φ ≡ 4πGeff (t, k)ρm∆m . (108)
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Following [32, 33], in order to write the Poisson equation in this form we can use eqs. (100), (101)
and (106). For cs ∼ O(1), we can neglect DΦ, DΨ, Dpi, EΦ, EΨ, FΦ and Fpi from these equations
and the effective Newton constant is thus given by
4πGeff = −[M−1]13 , M ≡

D
(2)
Φ D
(2)
Ψ +D
(4)
Ψ (k/a)
2 D
(2)
pi +D
(4)
pi (k/a)2
E
(2)
Φ E
(2)
Ψ + E
(4)
Ψ (k/a)
2 Epi(k/a)
−2 + E
(2)
pi + E
(4)
pi (k/a)2
0 F
(2)
Ψ F
(2)
pi

 .
(109)
We can write it in a slightly more compact form as
4πGeff (k) =
a−2(k/a)
−2 + a0 + a2(k/a)
2 + a4(k/a)
4
b−2(k/a)−2 + b0 + b2(k/a)2
, (110)
where
a−2 = D
(2)
Ψ Epi ,
a0 = D
(2)
Ψ E
(2)
pi −D(2)pi E(2)Ψ +D(4)Ψ Epi ,
a2 = D
(2)
Ψ E
(4)
pi −D(4)pi E(2)Ψ −D(2)pi E(4)Ψ +D(4)Ψ E(2)pi ,
a4 = −D(4)pi E(4)Ψ +D(4)Ψ E(4)pi ,
b−2 = D
(2)
Φ EpiF
(2)
Ψ ,
b0 = D
(2)
Ψ E
(2)
Φ F
(2)
pi −D(2)Φ E(2)Ψ F (2)pi −D(2)pi E(2)Φ F (2)Ψ +D(2)Φ E(2)pi F (2)Ψ ,
b2 = −D(2)Φ E(4)Ψ F (2)pi −D(4)pi E(2)Φ F (2)Ψ +D(2)Φ E(4)pi F (2)Ψ +D(4)Ψ E(2)Φ F (2)pi .
(111)
Another quantity often used to parameterize deviations from General Relativity is the ratio
between the gravitational potentials γ ≡ Ψ/Φ, which is given by
γ =
[com(M)]32
[com(M)]31 , (112)
where com(M) denotes the comatrix of M. This reads
γ =
c−2(k/a)
−2 + c0 + c2(k/a)
2
a−2(k/a)−2 + a0 + a2(k/a)2 + a4(k/a)4
, (113)
with
c−2 = −D(2)Φ Epi , (114)
c0 = D
(2)
pi E
(2)
Φ −D(2)Φ E(2)pi , (115)
c2 = D
(4)
pi E
(2)
Φ −D(2)Φ E(4)pi . (116)
The expressions for Geff and γ, eqs. (110) and (113), generalize those given for instance in [32]
in absence of higher derivative operators, in which case a2 = a4 = b2 = c2 = 0. When also
a−2 = b−2 = c−2 = 0 we recover the results of [11]. Finally, we note that the numerator of Geff
equals the denominator of γ, which confirms the results of Ref. [33]11.
11It simply follows from [M−1]13 = (detM)
−1[com(M)]31.
5 Conclusion
In this paper we lay down the basic building blocks for a systematic phenomenological study of dark
energy and its cosmological perturbations. Following [11], our basic assumptions are that a) dark
energy/modified gravity brings in at most one scalar propagating degree of freedom and that b) the
weak equivalence principle is satisfied—there exists a metric tensor universally coupled to matter. We
use the effective field theory formalism developed for inflation in [3,4], that is based on an expansion
in number of perturbations rather than in number of fields. Indeed, expanding the action in number
of fields [15, 16] becomes unpractical every time that the background field configuration undergoes
a large excursion. On the opposite, the main advantage of the present (non-covariant) approach is
that an expansion in number of perturbations can always be consistently truncated at the desired
order of approximation, in virtue of the empirical fact that perturbations are small on the largest
scales. Moreover, our formalism is “ready to go”, in the sense that there is no need of solving for the
background equations first. Apart from the three operators f , c and Λ responsible for the background
evolution [11], every new operator is at least quadratic in the perturbations: it does not affect the
background and its dynamical effects can be studied independently.
In particular, we consider only operators that are at most quadratic in the number of perturba-
tions—those needed for the linearized equations of motion—and we single out a set of seven operators
that bring up to two derivatives in the equations of motion. To achieve this result, in Sec. 2 we provide
a systematic treatment of any Lagrangian that can be written in ADM form as a general function
of extrinsic and intrinsic 3-dimensional curvature tensors and of the lapse function. This is already
enough to avoid higher time derivatives in the equations of motion. Then, in Sec. 2.3 we identify
specific combinations of the EFT operators that are required to avoid higher-order spatial derivatives.
Some operators can be re-expressed into other ones, thus simplifying the EFT Lagrangians up to
quadratic order.
The entire Horndeski, or “generalized Galileon”, theory can be written in this formalism (Sec. 3):
a relevant amount of work has gone into re-expressing all the generalized Galileon Lagrangians in
their ADM form and obtaining their EFT formulation. At linear order, Horndeski theories can
be described by a total of six operators: only three quadratic operators in addition to those—f ,
c and Λ—accounting for the background (see eq. (2) with m24 = m˜
2
4). This seems a substantial
simplification if compared to the full covariant treatment and well represents the power of the non-
covariant EFT approach. The two Galileon Lagrangians L4 and L5, despite their scaring looks (52)-
(53), are affordable at linear order in the perturbations with the addition of just one operator with
respect to those needed for L3.
At linear order, Horndeski theory is not the most general scalar-tensor theory with second-order
dynamics. Indeed, form24 6= m˜24 there exists another operator beyond Horndeski that in unitary gauge
gives equations of motion limited to second order in time and space derivatives. In some gauges (for
instance in Newtonian gauge, see Sec. 4.1), this operator generates higher derivatives in the equations
of motion but one can show that the dynamics of the propagating degree of freedom remains second
order. [At linear order, there exists another operator beyond the Horndeski theory (for m24 6= m˜24)
that still gives equations of motion limited to second order in time and space derivatives.] Finally,
we analyze also some higher spatial derivative operators, those in eq. (4).
The time dependent coefficients of our seven plus three operators described by actions (2) and
(4) remain to be constrained or measured by observations. Indeed, in Sec. 4.1 we provide the set
of linear perturbation equations in Newtonian gauge by varying these actions with respect to scalar
metric and field fluctuations in a generic gauge. As an illustration, using these equations we com-
pute the effective Newton constant in the quasi-static approximation and the ratio between the two
gravitational potentials (Sec. 4.2). The computation of these ”observables” should be considered as a
first step towards a more general and systematic study of the impact of dark energy on cosmological
perturbations in order to fully exploit future observational data.
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A Lagrangian dependence on (3)RµνK
µν
In this appendix we show how to treat a dependence on
Y ≡ (3)RµνKµν (117)
in the unitary gauge Lagrangian.
Let us first show the relation∫
d4x
√−g λ(t)(3)RµνKµν =
∫
d4x
√−g
[
λ(t)
2
(3)R K +
λ˙(t)
2N
(3)R
]
, (118)
or, equivalently, ∫
d4x
√−g
[
λ(t)(3)RµνK
µν − λ(t)
2
(3)R K − λ˙(t)
2N
(3)R
]
= 0 , (119)
up to some irrelevant boundary terms. Since K = ∇µnµ, the last two terms in the above integral
can be simplified via an integration by parts, so that the expression reduces to∫
d4x
√−g λ(t)
(
(3)RµνK
µν +
nµ
2
∇µ(3)R
)
. (120)
It remains to show that this can be written as the integral of a total derivative.
Using the explicit expressions for the extrinsic curvature in the ADM decomposition, eq. (22),
and nµ = −Ng0µ, the above expression can be rewritten as∫
d4x
√
hλ(t)
[
1
2
(
hikhjlh˙kl
(3)Rij +
(3)R˙
)
−∇iN j(3)Rij − 1
2
N i∇i(3)R
]
, (121)
where ∇i is the covariant derivative with respect to the three-metric hij . The second term can be
integrated by parts and then vanishes when combined with the last term, as a consequence of the
Bianchi identity ∇i(3)Gij = 0. Finally, the term in parenthesis can be rewritten as
hikhjlh˙kl
(3)Rij +
(3)R˙ = hikhjlh˙kl
(3)Rij + h˙
ij (3)Rij + h
ij (3)R˙ij = h
ij (3)R˙ij . (122)
and it is known that the last expression can be reexpressed as the divergence of a three-vector, i.e.
hij (3)R˙ij = ∇iJ i (the very same property is used to derive Einstein’s equations from the Einstein-
Hilbert action12). We have thus proved Eq. (118).
Let us now assume that the Lagrangian L introduced in Eq. (6) also contains an explicit depen-
dence on Y. By noting that Y is already a perturbative quantity, i.e. vanishes in the background,
and can be decomposed as
Y = HR+ (3)RµνδKµν , (123)
where the first term on the right hand side is a first (and higher) order quantity while the second term
is only second order, one immediately finds that the expansion of the Lagrangian, up to quadratic
12See for instance Eq. (7.5.14) of Ref. [29].
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order, will yield the following extra terms with respect to the expression (12) obtained in the main
body:
L(N,S,K,R,Y,Z) ⊃ LYY + (LNYδN + LKYδK + LSYδS + LRYδR)HδR+ 1
2
LYYH
2δR2 . (124)
The first term can be expressed in terms of R and K by using eq. (118) with λ = LY . Expanding
up to second order then yields
LY Y = 1
2
(
L˙Y + 3HLY
)
δR+ 1
2
(
LYδK − L˙YδN
)
δR+O(3) + boundary terms , (125)
so that the expansion of the full Lagrangian now reads
L(N,S,K,R,Y,Z) = L¯− F˙ − 3HF + LN δN + 1
2
(
2LR + L˙Y + 3HLY
)
δR
+ LS δK
µ
ν δK
ν
µ +
(
2H2LSS + 2HLSK +
1
2
LKK
)
δK2 +
1
2
LNNδN
2
+
1
2
(
LRR +H
2LYY + 2HLYR
)
δR2 + (2HLSN + LKN) δKδN
+
(
2HLSR + LKR +HLKY + 2H
2LSY +
1
2
LY
)
δKδR
+
(
LNR +HLNY − 1
2
L˙Y
)
δNδR +O(3) .
(126)
In summary, an explicit dependence of the action on Y can easily be included in our treatment, via
the following substitutions in Eq. (12),
LR → LR + 1
2
L˙Y +
3
2
HLY ,
LRR → LRR +H2LYY + 2HLYR ,
LNR → LNR +HLNY − 1
2
L˙Y ,
C → C +HLKY + 2H2LSY + 1
2
LY .
(127)
B Tensor modes
In this appendix we study the propagation of tensor modes in the action (2). We consider the spatial
metric [19]
hij = a
2(t)e2ζ hˆij , det hˆ = 1 , hˆij = δij + γij +
1
2
γikγkj , (128)
with γij traceless and divergence-free, γii = 0 = ∂iγij. Since tensor modes decouple from scalars,
we can simply replace this metric into the action (2) by setting scalar perturbations to zero, which
yields
S(2)γ =
∫
d4x a3
M2∗ f
8
[(
1 +
2m24
M2∗ f
)
γ˙2ij −
1
a2
(∂kγij)
2
]
, (129)
where we used that, up to integration by parts,
(3)R = − 1
4a2
(∂iγkj)
2 , K = 3H , (130)
δK2ij =
1
4
γ˙2ij , KijK
ij −K2 = −6H2 + 1
4
γ˙2ij , (131)
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and the Gauss-Codazzi relation (38). Thus, form24 6= 0 the speed of sound of gravity waves is different
from the speed of light,
c2T =
(
1 +
2m24
M2∗ f
)−1
, (132)
which confirms [34,35] in the case of generalised Galileon theories.
C EFT parameters for generalized Galileons
Here we explicitly give the EFT of dark energy parameters in terms of the Lagrangian (12), for the
generalized Galileon Lagrangians eqs. (51)–(53). All quantities in the expressions below are calcu-
lated on the background.
• L3:
f = 0 , (133)
Λ = φ˙2(φ¨+ 3Hφ˙)G3X , (134)
c = φ˙2(−φ¨+ 3Hφ˙)G3X + φ˙2G3φ , (135)
M42 =
φ˙2
2
(φ¨+ 3Hφ˙)G3X − 3Hφ˙5G3,XX − φ˙
4
2
G3,Xφ , (136)
m33 = 2φ˙
3G3X , m
2
4 = m˜
2
4 = 0 . (137)
• L4:
M2∗ f = 2G4 , (138)
Λ =
1
2
˙˜F + 3HX˙G4X − 18H2G4X φ˙2 + 6HG4Xφφ˙3 + 12H2G4XX φ˙4 , (139)
c = −1
2
˙˜F + 3HX˙G4X − 6H2G4X φ˙2 + 6HG4Xφφ˙3 + 12H2G4XX φ˙4 , (140)
M42 =
1
4
˙˜F − 3
2
HX˙G4X + 6HG4Xφφ˙
3 + 18H2G4XX φ˙
4 − 6HG4XXφφ˙5 − 12H2G4XXX φ˙6 , (141)
m33 = 2X˙G4X − 8HG4X φ˙2 + 4G4Xφφ˙3 + 16HG4XX φ˙4 , (142)
m24 = m˜
2
4 = 2G4X φ˙
2 , (143)
with
F˜ ≡ 2M2∗Hf +M2∗ f˙ + F = 2X˙G4X − 8HG4X φ˙2 . (144)
• L5:
M2∗ f = −G5φφ˙2 + 2G5X φ˙2φ¨ , (145)
c = −1
2
˙˜F + 3
2
M2∗Hf˙ − 3H2G5φφ˙2 − 3H3G5X φ˙3 + 3H2G5Xφφ˙4 + 2H3G5XX φ˙5 , (146)
Λ =
1
2
˙˜F + 3M2∗H2f +
3
2
M2∗Hf˙ − 6H2G5φφ˙2 − 7H3G5X φ˙3 + 3H2G5Xφφ˙4 + 2H3G5XX φ˙5 ,
(147)
M42 =
1
4
˙˜F − 3
4
M2∗Hf˙ −
3
2
H3G5X φ˙
3 + 6H2G5Xφφ˙
4 + 6H3G5XX φ˙
5 − 3H2G5XXφφ˙6 − 2H3G5XXX φ˙7 ,
(148)
m33 =M
2
∗ f˙ − 4HG5φφ˙2 − 6H2G5X φ˙3 + 4HG5Xφφ˙4 + 4H2G5XX φ˙5 , (149)
m24 = m˜
2
4 = G5φφ˙
2 +HG5X φ˙
3 −G5X φ˙2φ¨ , (150)
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with
F˜ ≡ 2M2∗Hf +M2∗ f˙ + F = 2M2∗ fH +M2∗ f˙ − 2HG5φφ˙2 − 2H2G5X φ˙3 . (151)
D Coefficients of the perturbation equations
In this appendix we define the coefficients appearing in eqs. (97)–(101). For convenience we have
used M24 defined as
M24 ≡ 2m24 + 3m¯24 . (152)
Moreover, from the background equations (95) and (96) and using the background conservation
equation for matter, ρ˙m + 3H(ρm + pm) = 0, one obtains
c˙+ Λ˙ = −6Hc+ 6H2M2∗ f˙ + 3M2∗ f˙ H˙ . (153)
We will make use of this relation to simplify some of the terms and eliminate the dependence with
respect to Λ˙ and Λ¨.
• Variation with respect to Φ:
AΦ = 2c+ 4M
4
2 − 6H
[
fHM2∗ +M
2
∗ f˙ −m33 +HM24
]
, (154)
AΨ˙ = −3
[
2H
(
fM2∗ +M
2
4
)
+M2∗ f˙ −m33
]
, (155)
Api = 3H
2M2∗ f˙ + 3m
3
3H˙ − c˙− Λ˙− 6M24HH˙ + 3M2∗ f¨
= 6Hc− 3(H2 + H˙)M2∗ f˙ + 3M2∗ f¨ + 3m33H˙ − 6M24HH˙ , (156)
Ap˙i = −2c− 4M42 − 3H(m33 −M2∗ f˙) , (157)
A
(2)
Ψ = −2fM2∗ + 6Hm¯5 − 4m˜24 , (158)
A(2)pi =M
2
∗ f˙ −m33 + 2HM24 − 4Hm˜24 + 6H2m¯5 . (159)
• Variation with respect to α:
BΦ = −m33 + 2H
(
fM2∗ +M
2
4
)
+M2∗ f˙ , (160)
BΨ˙ = 2
(
fM2∗ +M
2
4
)
, (161)
Bpi = −2c+ 2M24 H˙ +M2∗ (Hf˙ − f¨) , (162)
Bp˙i = m
3
3 −M2∗ f˙ , (163)
B
(2)
Ψ = −2m¯5 , (164)
B(2)pi = −2(m¯24 +Hm¯5) . (165)
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• Variation with respect to Ψ:
CΦ = 3
[
2c+ 2(3H2 + H˙)M24
+2fM2∗ (3H
2 + 2H˙)− (m33)· +H
(
−3m33 + 4M2∗ f˙ + 2(M24 )·
)
+ 2M2∗ f¨
]
, (166)
CΦ˙ = −3m33 + 6H
(
fM2∗ +M
2
4
)
+ 3M2∗ f˙ , (167)
CΨ˙ = 6
(
3fHM2∗ + 3HM
2
4 +M
2
∗ f˙ + (M
2
4 )
·) , (168)
CΨ¨ = 6
(
fM2∗ +M
2
4
)
, (169)
Cpi = −3
[
c˙− Λ˙− 2H˙(M24 )· − 2(H¨ + 3HH˙)M24 +M2∗ (2f˙ H˙ + f (3) + 3H2f˙ + 2Hf¨)
]
= −3
[
2c˙+ 6Hc− 2H˙(M24 )· − 2(H¨ + 3HH˙)M24 +M2∗
(
f (3) − (3H2 + H˙)f˙ + 2Hf¨
)]
, (170)
Cp˙i = 3
(
−2c+ 3Hm33 − 2HM2∗ f˙ + 2M24 H˙ + (m33)· − 2M2∗ f¨
)
, (171)
Cp¨i = 3(m
3
3 −M2∗ f˙) , (172)
C
(2)
Φ = −
(
2fM2∗ − 6Hm¯5 + 4m˜24
)
, (173)
C
(2)
Ψ = 2fM
2
∗ − 6Hm¯5 − 6 ˙¯m5 , (174)
C(2)pi = −2
(
M2∗ f˙ + (M
2
4 )
· +HM24 + 3H2m¯5 + 3H ˙¯m5
)
, (175)
C
(2)
p˙i = −2(M24 − 2m˜24 + 3Hm¯5) , (176)
C
(4)
Ψ = 16λ¯ , (177)
C(4)pi = −2m¯5 + 16Hλ¯ . (178)
• Variation with respect to β:
D
(2)
Φ =M
2
∗ f + 2m˜
2
4 − 3m¯5H , (179)
D
(2)
Ψ = −M2∗ f , (180)
D
(2)
Ψ˙
= −3m¯5 , (181)
D(2)pi =M
2
∗ f˙ + 2m
2
4H + 2(m
2
4)
· − 3H˙m¯5 , (182)
D
(2)
p˙i = 2m
2
4 − 2m˜24 , (183)
D
(4)
Ψ = −8λ¯ , (184)
D(4)pi = m¯5 − 8Hλ¯ . (185)
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• Variation with respect to π:
EΦ = 6cH + c˙+H
2(9m33 − 6M2∗ f˙) + 3(2m33 −M2∗ f˙)H˙ − Λ˙ + 3H
[
4M42 − 2M24 H˙ + (m33)·
]
+ 4(M42 )
·
= 12cH + 2c˙+ 3m33(3H
2 + 2H˙)− 6M2∗ f˙(2H˙ +H2) + 3H
[
4M42 − 2M24 H˙ + (m33)·
]
+ 4(M42 )
· ,
(186)
EΦ˙ = 2c+ 4M
4
2 + 3H(m
3
3 −M2∗ f˙) , (187)
EΨ = 3
[
6cH + c˙+ Λ˙− 3M2∗ f˙(2H2 + H˙)
]
= 0 , (188)
EΨ˙ = 3
[
2c+ 3Hm33 − 4HM2∗ f˙ − 2M24 H˙ + (m33)·
]
, (189)
EΨ¨ = 3(m
3
3 −M2∗ f˙) , (190)
Epi = −
[
6M24 H˙
2 − 3(m33)·H˙ + 6Hc˙− 9HH˙m33 + c¨− 3M2∗ H˙f¨ − 6H2M2∗ f¨ − 3m33H¨ + Λ¨
]
= −
[
6M24 H˙
2 − 3(m33)·H˙ + 6H˙c+ 3M2∗ (H¨ + 4HH˙)f˙ − 9HH˙m33 − 3m33H¨
]
, (191)
Ep˙i = −2
[
3H
(
c+ 2M42
)
+ c˙+ 2(M42 )
·] , (192)
Ep¨i = −2
(
c+ 2M42
)
, (193)
E
(2)
Φ = −
[
m33 +H
(−2M24 − 6Hm¯5 + 4m˜24)−M2∗ f˙] , (194)
E
(2)
Ψ = −2
[
2Hm˜24 +M
2
∗ f˙ − 3m¯5H˙ + 2(m˜24)·
]
, (195)
E
(2)
Ψ˙
= 2M24 + 6Hm¯5 − 4m˜24 , (196)
E(2)pi = −
[
2c− 4M24 H˙ + 4m˜24H˙ + (m33)· + 4H2m˜24 +Hm33 − 12m¯5HH˙ + 4H(m˜24)·
]
, (197)
E
(4)
Ψ = −2m¯5 + 16Hλ¯ , (198)
E(4)pi = −2(m¯24 + 2Hm¯5) + 16H2λ¯ . (199)
• Generalized Poisson equation:
FΦ = −3M2∗Hf˙ + 2c+ 4M42 + 3Hm33 , (200)
FΨ˙ = −3M2∗ f˙ + 3m33 , (201)
Fpi = 6M
2
∗H
2f˙ − 6Hc− c˙− Λ˙ + 3m33H˙ = −3H˙(M2∗ f˙ −m33) , (202)
Fp˙i = −(2c+ 4M42 ) , (203)
F
(2)
Ψ = −(2fM2∗ + 4m˜24) , (204)
F (2)pi = f˙M
2
∗ −m33 + 4Hm24 − 4Hm˜24 . (205)
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